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Abstract In present paper, we prove unique fixed point
theorems for contractive maps in N-cone metric spaces.
Our results extend and generalize some well-known results
of (Banach, Fund Math 3:133–181 1992; Chatterjee, Rend
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Math Soc 60:71–76 1968; Rezapour and Hamlbarani, J
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Introduction and preliminaries
The notion of cone metric space was introduced in [7]. In
this paper, Huang and Zhang replace the real numbers by
ordering Banach space and define cone metric space. They
also gave an example of a function which is a contraction
in the category of cone metric but not contraction if con-
sidered over metric spaces and hence by proving fixed
point theorem in cone metric spaces ensured that this map
must have a unique fixed point.
Subsequently, Rezapour and Hamlbarani [14] omitted
the assumption of normality in cone metric space. After
that a series of articles in cone metric space started to
appear (see, [3, 10, 15, 16]).
Recently, Aage and Salunke [1] introduced a generalized
D-metric space and Ismat Beg et al. [4] introduced G-cone
metric space. Very recently, Malviya and Fisher [13] in-
troduced the notion of N-cone metric space and proved
fixed point theorems for asymptotically regular maps and
sequence. This new notion generalized the notion of gen-
eralized G-cone metric space [4] and generalized D-metric
space [1]. In [12], the authors defined expansive maps in N-
cone metric spaces and proved various fixed point theorems.
In present paper, we prove the Banach contraction the-
orem [2] and fixed point theorems of Kannan [11], Chat-
terjee [5] and Rezapour et al. [14] in N-cone metric space.
The examples and application in support of our results are
also given.
Throughout this paper, let E be a real Banach space and
P be a subset of E. P is called a cone, if and only if
(1) P is closed, nonempty and P 6¼ 0;
(2) axþ by 2 P, for all x; y 2 P and non-negative real
numbers a; b;
(3) P \ ðPÞ ¼ f0g.
For a given cone P  E, we can define a partial ordering
 with respect to P by x y, if and only if y x 2 P, x\y
will stand for x y but x 6¼ y, while x  y will stand for
y x 2 intP, where intP denotes the interior of P.
The cone P is called normal if there is a number N[ 0
such that for all x; y 2 E, 0 x y implies kxkNkyk.
The least positive number satisfying the above is called the
normal constant of P [7].
The cone P is called regular if every increasing se-
quence which is bounded from above is convergent, that is,
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if fxngn 1 is a sequence such that x1 x2     y for some
y 2 E, then there is x 2 E such that limn!1 kxn  xk ¼ 0.
Equivalently, the cone P is regular if and only if every
decreasing sequence which is bounded from below is
convergent.
Lemma 1.1 [14] Every regular cone is normal.
Definition 1.1 [13] Let X be a non-empty set. An N-cone
metric on X is a function N : X3 ! E, that satisfies the
following conditions: for all x; y; z; a 2 X
(1) Nðx; y; zÞ 0;
(2) Nðx; y; zÞ ¼ 0 if and only if x ¼ y ¼ z;
(3) Nðx; y; zÞNðx; x; aÞ þ Nðy; y; aÞ þ Nðz; z; aÞ.
Then, the function N is called an N-cone metric and the
pair ðX;NÞ is called an N-cone metric space.
Remark 1.1 [13] It is easy to see that every generalized-
D-metric space is an N-cone metric space but in general,
the converse is not true, see the following example.
Example 1.1 [13] Let E ¼ R3, P ¼ fðx; y; zÞ 2
E; x; y; z 0g; X ¼ R; andN : X 	 X 	 X ! E is defined by
Nðx; y; zÞ ¼

a
 j yþ z 2x j þ j y z j ;b j yþ z 2x j
þ j y z j ; c j yþ z 2x j þ j y z j 

where a; b; c are positive constants. Then, ðX;NÞ is an N-
cone metric space but not a generalized-D-metric space
because N is not symmetric.
Proposition 1.1 [13] If ðX;NÞ is an N-cone metric space,
then for all x; y; z 2 X; we have Nðx; x; yÞ ¼ Nðy; y; xÞ.
Definition 1.2 [13] Let ðX;NÞ be an N-cone metric space.
Let fxng be a sequence in X and x 2 X. If for every c 2 E
with 0  c there is N such that for all n[ N,
Nðxn; xn; xÞ  c, then fxng is said to be convergent, fxng
converges to x and x is the limit of fxng: We denote this by
xn ! x as ðn !1Þ.
Lemma 1.2 [13] Let ðX;NÞ be an N-cone metric space
and P be a normal cone with normal constant k. Let fxng
be a sequence in X. If fxng converges to x and fxng also
converges to y then x ¼ y. That is the limit of fxng, if exists,
is unique.
Definition 1.3 [13] Let ðX;NÞ be an N-cone metric space
and fxng be a sequence in X. If for any c 2 E with 0  c
there is N such that for all m; n[ N, Nðxn; xn; xmÞ  c, then
fxng is called a Cauchy sequence in X.
Definition 1.4 [13] Let ðX;NÞ be an N-cone metric space.
If every Cauchy sequence in X is convergent in X, then X is
called a complete N-cone metric space.
Lemma 1.3 [13] Let ðX;NÞ be an N-cone metric space
and fxng be a sequence in X. If fxng converges to x, then
fxng is a Cauchy sequence.
Definition 1.5 [13] Let ðX;NÞ and ðX0;N 0Þ be N-cone
metric spaces. Then, a function f : X ! X0 is said to be
continuous at a point x 2 X if and only if it is sequentially
continuous at x, that is, whenever fxng is convergent to x
we have ffxng is convergent to f ðxÞ.
Lemma 1.4 [13] Let ðX;NÞ be an N-cone metric space
and P be a normal cone with normal constant k. Let fxng
and fyng be two sequences in X and suppose that xn ! x,
yn ! y as n !1. Then Nðxn; xn; ynÞ ! Nðx; x; yÞ as
n !1:
Remark 1.2 [13] If xn ! x in an N-cone metric space X;
then every subsequence of fxng converges to x in X.
Proposition 1.2 [13] Let ðX;NÞ be an N-cone metric
space and P be a cone in a real Banach space E. If u v,
v  w then u  w:
Lemma 1.5 [13] Let ðX;NÞ be an N-cone metric space, P
be an N-cone in a real Banach space E and
k1; k2; k3; k4; k[ 0: If xn ! x, yn ! y, zn ! z and pn ! p
in X and
ka k1Nðxn; xn; xÞ þ k2Nðyn; yn; yÞ þ k3Nðzn; zn; zÞ
þ k4Nðpn; pn; pÞ; then a ¼ 0:
The following lemmas are often used.
Lemma 1.6 [10] Let P be a cone and fxng be a sequence
in E. If c 2 intP and 0 xn ! 0 (as n !1), then there
exists N such that for all n[N, we have xn  c.
Lemma 1.7 [10] Let x; y; z 2 E, if x y and y  z, then
x  z.
Lemma 1.8 [9] Let P be a cone and 0 u  c for each
c 2 intP, then u ¼ 0.
Lemma 1.9 [6] Let P be a cone. If u 2 P and u ku for
some 0 k\1, then u ¼ 0.
Lemma 1.10 [10] Let P be a cone and a bþ c for each
c 2 intP, then a b.
Topology of N-cone metric space Let ðX;NÞ be an N-
cone metric space, each N-cone metric N on X generates a
topology sN on X whose base is the family of open N-balls
defined as
BNðx; cÞ ¼ fy 2 X : Nðy; y; xÞ  cg;
for c 2 E with 0  c and for all x 2 X.
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Definition 1.6 Let ðX;NÞ be an N-cone metric space. A
map f : X ! X is said to be a contractive mapping if there
exists a constant 0 k\1 such that
Nðfx; fx; fyÞ kNðx; x; yÞ for all x; y 2 X:
Example 1.2 Let E ¼ R3; P ¼ fðx; y; zÞ 2 E; x; y;
z 0g and X ¼ R and N : X 	 X 	 X ! E is defined by
Nðx; y; zÞ ¼ ðaðjx zj þ jy zjÞ; bðjx zj þ jy zjÞ;
cðjx zj þ jy zjÞÞ;
where a; b; c are positive constants. Then ðX;NÞ is an N-
cone metric space. Define a self-map f on X as follows
fx ¼ x
4
for all x. Clearly, f is a contractive map in X.
Main results
Theorem 2.1 Let ðX;NÞ bea completeN-conemetric space
and themapping T : X ! X satisfies the contractive condition
NðTx; Tx; TyÞ kNðx; x; yÞ ð2:1Þ
for all x; y 2 X, where k 2 ½0; 1Þ is a constant. Then, T has
a unique fixed point in X. For each x 2 X, the sequence of
iterates fTnxgn 1 converges to the fixed point.
Proof For each x0 2 X and n 1, set x1 ¼ Tx0 and xnþ1 ¼
Tnþ1x0.
Then
Nðxn; xn; xnþ1Þ ¼ NðTxn1; Txn1; TxnÞ
 kNðxn1; xn1; xnÞ





 knNðx0; x0; x1Þ
So for m[ n,
Nðxn; xn; xmÞ 2 Nðxn; xn; xnþ1Þ þ 2Nðxnþ1; xnþ1; xnþ2Þ
þ    þ 2Nðxm2; xm2; xm1Þ
þ Nðxm1; xm1; xmÞ
 2Nðxn; xn; xnþ1Þ þ 2Nðxnþ1; xnþ1; xnþ2Þ
þ    þ 2Nðxm2; xm2; xm1Þ
þ 2Nðxm1; xm1; xmÞ
 ½2kn þ 2knþ1 þ    þ 2kmþn2
þ 2kmþn1
Nðx0; x0; x1Þ




1 k Nðx0; x0; x1Þ
Let 0  c be given. Choose a natural number N1 such that
2kn
1k Nðx0; x0; x1Þ  c for all nN1. Thus, Nðxn; xn; xmÞ 
c for all n[m.
Therefore, fxngn 1 is a cauchy sequence in ðX;NÞ.
Since ðX;NÞ is a complete N-cone metric space, there
exists x 2 X such that xn ! x. Choose a natural number
N2 such that Nðx; x; xnÞ  c4k and Nðx; x; xnþ1Þ  c2 for
all nN2.
Hence, for all nN2, we have
NðTx; Tx; xÞ NðTx; Tx; TxnÞ þ NðTx; Tx; TxnÞ
þ Nðx; x; TxnÞ
 2NðTx; Tx; TxnÞ þ Nðx; x; TxnÞ






for all nN2. Thus, NðTx; Tx; xÞ  cm for all m 1. So
c
m
 NðTx; Tx; xÞ 2 P for all m 1. Since c
m
! 0 (as
m !1) and P is closed, NðTx; Tx; xÞ 2 P, but
NðTx; Tx; xÞ 2 P. Therefore, NðTx;Tx; xÞ ¼ 0 and so
Tx ¼ x.
To prove uniqueness, let y be another fixed point of T ,
then
Nðx; x; yÞ ¼ NðTx; Tx; TyÞ
 kNðx; x; yÞ;
which implies that by Lemma (1.9) Nðx; x; yÞ ¼ 0.
Hence the fixed point of T is unique. h
Corollary 2.1 Let ðX;NÞ be a complete N-cone metric
space. Suppose the mapping T : X ! X satisfies for some
positive integer n,
NðTnx; Tnx; TnyÞ k:Nðx; x; yÞ;
for all x; y 2 X, where k 2 ½0; 1Þ is a constant. Then, T has
a unique fixed point in X.
Proof From Theorem (2.1), Tn has a unique fixed point
x. But TnðTxÞ ¼ TðTnxÞ ¼ Tx. So Tx is also a fixed
point of Tn. Hence Tx ¼ x, x is a fixed point of T . Since
the fixed point of T is also fixed point of Tn, then fixed
point of T is unique. h
Theorem 2.2 Let ðX;NÞ be a complete N-cone metric
space. Suppose the mapping T : X ! X satisfies the con-
tractive condition
NðTx; Tx; TyÞ k½NðTx; Tx; xÞ þ NðTy; Ty; yÞ
;
for all x; y 2 X, where k 2 ½0; 1
2
Þ is a constant. Then, T has
a unique fixed point in X. For each x 2 X, the iterative
sequence fTnxgn 1 converges to the fixed point.
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Proof For each x0 2 X and n 1, set x1 ¼ Tx0 and
xnþ1 ¼ Tnþ1x0.
Then, we have
Nðxn; xn; xnþ1Þ ¼ NðTxn1;Txn1;TxnÞ
 k½NðTxn1;Txn1; xn1Þ þ NðTxn;Txn; xnÞ

¼ k½Nðxn; xn; xn1Þ þ Nðxnþ1; xnþ1; xnÞ






Nðxn; xn; xnþ1Þ k
1 k Nðxn; xn; xn1Þ
¼ hNðxn; xn; xn1Þ where h ¼ k
1 k




 hnNðx0; x0; x1Þ; ð2:2Þ
Now using (2.2), we can prove fxngn 1 is a Cauchy se-
quence as proved in Theorem (2.1).
Since ðX;NÞ is a complete N-cone metric space, there
exists x 2 X such that xn ! x. Choose a natural number
N2 such that Nðxnþ1; xnþ1; xnÞ  ð12kÞc4k and Nðx; x; xnþ1Þ
 ð12kÞc
2
, for all nN2.
Hence, for nN2, we have
NðTx; Tx; xÞ NðTx; Tx; TxnÞ þ NðTx; Tx; TxnÞ
þ Nðx; x; TxnÞ
¼ 2NðTx; Tx;TxnÞ þ Nðx; x; TxnÞ
 2k½NðTx; Tx; xÞ þ NðTxn; Txn; xnÞ

þ Nðx; x; TxnÞ:
Thus,
NðTx; Tx; xÞ 1








Thus, NðTx; Tx; xÞ  c
m
for all m 1.
So c
m
 NðTx; Tx; xÞ 2 P for all m 1. Since c
m
! 0 as
m !1 and P is closed, NðTx; Tx; xÞ 2 P. But
NðTx; Tx; xÞ 2 P. Therefore, NðTx;Tx; xÞ ¼ 0 and so
Tx ¼ x.
Now, if y is another fixed point of T , then
Nðx; x; yÞ ¼ NðTx; Tx; TyÞ
 k½NðTx; Tx; xÞ þ NðTy; Ty; yÞ

¼ k½Nðx; x; xÞ þ Nðy; y; yÞ

¼ 0 ½by Definition 1:1: and by Lemma 1:5

Hence x ¼ y. Therefore, the fixed point of T is unique. h
Theorem 2.3 Let ðX;NÞ be a complete N-cone metric
space. Suppose the mapping T : X ! X satisfies the con-
tractive condition
NðTx; Tx; TyÞ k½NðTx; Tx; yÞ þ Nðx; x; TyÞ
;
for all x; y 2 X, where k 2 ½0; 1
2
Þ is a constant. Then, T has
a unique fixed point in X. For each x 2 X, the iterative
sequence fTnxgn 1 converges to the fixed point.



















Now using (2.3), we can prove fxngn 1 is a Cauchy
sequence as proved in Theorem (2.1).
Since ðX;NÞ is a complete N-cone metric space, there
















which implies that, by Lemma 1.9, NðTx; Tx; xÞ ¼ 0.
Hence Tx ¼ x.
Now, if y is another fixed point of T , then
Nðx; x; yÞ ¼ NðTx; Tx; TyÞ
 k½NðTx; Tx; yÞ þ Nðx; x; TyÞ

¼ k½Nðx; x; yÞ þ Nðx; x; yÞ

¼ 2kNðx; x; yÞ ½by Lemma ð1:9Þ
:
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Hence, Nðx; x; yÞ ¼ 0 and so x ¼ y. Therefore, the
fixed point of T is unique. h
Theorem 2.4 Let ðX;NÞ be a complete N-cone metric
space. Suppose the mapping T : X ! X satisfies the con-
tractive condition
NðTx; Tx; TyÞ  kNðx; x; yÞ þ lNðx; x; TyÞ;
for all x; y 2 X, where k; l 2 ½0; 1Þ is a constant. Then, T
has a fixed point in X. Also the fixed point of T is unique
whenever k þ 3l\1.
Proof For each x0 2 X and n 1, set x1 ¼ Tx0 and
xnþ1 ¼ Tnþ1x0.
Nðxn; xn; xnþ1Þ ¼ NðTxn1; Txn1; TxnÞ
 kNðxn1; xn1; xnÞ þ lNðxn1; xn1; TxnÞ
¼ kNðxn1; xn1; xnÞ þ lNðxn1; xn1; xnþ1Þ
 kNðxn1; xn1; xnÞ þ l½Nðxn1; xn1; xnÞ
þ Nðxn1; xn1; xnÞ
þ Nðxnþ1; xnþ1; xnÞ
 ½byDefinition1:1

 kNðxn1; xn1; xnÞ þ l½2Nðxn1; xn1; xnÞ
þ Nðxnþ1; xnþ1; xnÞ

So
Nðxn; xn; xnþ1Þ k þ 2l
1 l Nðxn1; xn1; xnÞ
½by Propositionð1:1Þ

 hNðxn1; xn1; xnÞ
 hnNðx0; x0; x1Þ;
ð2:4Þ
where h ¼ kþ2l
1l .
Now using (2.4), we can prove fxngn 1 is a Cauchy
sequence as proved in Theorem (2.1).
Since ðX;NÞ is a complete N-cone metric space, there
exists x 2 X such that xn ! x. Choose a natural number
N2 such that Nðx; x; xnÞ  c4k and Nðx; x; xnþ1Þ
 c
2ð2lþ1Þ, for all nN2.
Hence, for nN2, we have
NðTx; Tx; xÞ NðTx; Tx; TxnÞ þ NðTx; Tx; TxnÞ
½by Definition 1:1

þ Nðx; x; TxnÞ
 2NðTx; Tx; TxnÞ þ Nðx; x; TxnÞ
¼ 2kNðx; x; xnÞ þ 2lNðx; x; TxnÞ
þ Nðx; x; TxnÞ






Thus, NðTx; Tx; xÞ  c
m
for all m 1.
Hence, c
m
 NðTx;Tx; xÞ 2 P for all m 1. Since c
m
!
0 as m !1 and P is closed, NðTx; Tx; xÞ 2 P, but
NðTx; Tx; xÞ 2 P. Therefore, NðTx;Tx; xÞ ¼ 0 and so
Tx ¼ x.
Now, if y is another fixed point of T , then
Nðx; x; yÞ ¼ NðTx; Tx; TyÞ
 kNðx; x; yÞ þ lNðx; x; TyÞ
¼ ðk þ lÞNðx; x; yÞ
½by Lemma 1:9 and since k þ 3l\1

Hence, Nðx; x; yÞ ¼ 0 and so x ¼ y. Therefore, the
fixed point of T is unique. h
Example 2.1 Let E ¼ R3; P ¼ fðx; y; zÞ 2 E; x; y;
z 0g and X ¼ R and N : X 	 X 	 X ! E is defined by
Nðx; y; zÞ ¼ ðaðjx zj þ jy zjÞ; bðjx zj
þ jy zjÞ; cðjx zj þ jy zjÞÞ;
where a; b; c are positive constants. Then, ðX;NÞ is an N-
cone metric space. Define a self-map T on X as follows
Tx ¼ x
3
for all x. If we take a ¼ 1
3
, then the contractive
condition (2.1) holds trivially good and 0 is the unique
fixed point of the map T .
Application
In this section, we shall apply Theorem 2.1 to the following
first-order periodic boundary value problem:
dx
dt
¼ Fðt; xðtÞÞ; with xð0Þ ¼ n; ð3:5Þ
where F : ½h; h
 	 ½n d; nþ d
 is a continuous function.
Example 3.1 Consider the boundary value problem (3.5)
with the continuous function F and suppose Fðx; yÞ satis-
fies the local Lipschitz condition, i.e. if jxj  h, y1; y2 2
½n d; nþ d
 it induces
jFðx; y1Þ  Fðx; y2Þj  Ljy1  y2j
Set M ¼ max½h;h






, then there exists a unique solution of (3.5).
Proof Let X ¼ E ¼ Cð½h; h
Þ and P ¼ fu 2 E : u 0g.
Put N : X 	 X 	 X ! E as
Nðx; x; yÞ ¼ f ðtÞ max
h t h
ðjxðtÞ  yðtÞj þ jxðtÞ  yðtÞjÞ
¼ f ðtÞ max
h t h
2jxðtÞ  yðtÞj
with f : ½h; h
 ! R such that f ðtÞ ¼ et.
It is clear that ðX;NÞ is a complete N-cone metric space.
Note that (3.5) is equivalent to the integral equation






Define a mapping T : Cð½h; h





If xðtÞ; yðtÞ 2 Bðn; df Þ,fwðtÞ 2 Cð½h; h
Þ : Nðn; n;wÞ
dfg, then we have
















½Fðs; xðsÞÞ  Fðs; yðsÞÞ
ds

 2hf ðtÞ max
h s h
jFðs; xðsÞÞ  Fðs; yðsÞÞj
¼ 2hf ðtÞ max
h s h
LjxðsÞ  yðsÞj
 2hLf ðtÞ max
h s h
jxðsÞ  yðsÞj
¼ hLNðx; x; yÞ
and












We speculate T : Bðn; df Þ ! Bðn; df Þ is a contractive
mapping.
Finally, we prove that ðBðn; df Þ;NÞ is complete. In fact,
suppose fxng is a Cauchy sequence in Bðn; df Þ. Then fxng
is also a Cauchy sequence in X. Since ðX;NÞ is complete,
there is x 2 X such that xn ! x as n !1. So for each
c 2 intP, there exists N1, whenever n[N1 we obtain
Nðx; x; xnÞ  c2. Thus, it follows that
Nðx; x; nÞNðx; x; xnÞ þ Nðx; x; xnÞ þ Nðn; n; xnÞ
½by Definition1:1

 2Nðx; x; xnÞ þ NðTxn1; Txn1; nÞ
½by Proposition 1:1 and definition of T in Theorem 2:1

¼ cþ df
and by Lemma (1.10), Nðx; x; nÞ df which means
x 2 Bðn; df Þ, that is, ðBðn; df Þ;NÞ is complete.
Owing to the above statement, all the conditions of
Theorem 2.1 are satisfied. Hence, T has a unique fixed
point xðtÞ 2 Bðn; df Þ. That is to say, there exists a unique
solution of Example (3.1).
We notice that the above-mentioned application of fixed
point theorem in b-cone metric space was given by [8]. h
Conclusion
In this paper, we define topology in N-cone metric space
and extend various famous results such as Banach con-
traction theorem and Chatterjee’s theorem in this newly
defined space with applications in integral equations.
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